1.1 (Mauldin) Is there a Σ Answer: The first question was answered by Hjorth [77] who showed that it is independent.
1.2
A subset A ⊂ ω ω is compactly-Γ iff for every compact K ⊂ ω ω we have that A ∩ K is in Γ. Is it consistent relative to ZFC that compactly-Σ Answer: No, for first question Velickovic-Woodin [179] . No, for second question Groszek-Slaman [64] . See also Gitik [61] .
1.5 * (A.Ostaszewski, email 9-92) Consider Telgarsky's game G(T ) where T ⊆ 2 ω . Player I plays a countable cover of T Player II chooses one-say X n .
Player I wins iff ∩{cl(X n ) : n ∈ ω} ⊆ T . It is known that (a) Player I has winning strategy iff T is analytic. (b) If there exists A an analytic subset of cl(T ) not Borel separated from T , then Player II has a winning strategy. Is the converse of (b) true?
1.6 * Does there exists an analytic set which is not Borel modulo Ramsey null? Same question for the ideal generated by closed measure zero sets. For measure see Grzegorek and Ryll-Nardzewski [65] .
Answer: Yes for second question, Mauldin [120] .
1.7 * (Sierpinski [161] ) Does there exists a set of reals E such that every (uncountable) analytic set of reals is the one-to-one continuous image of E?
Answer: Yes, Slaman [165] . Earlier version of this problem had a misprint in it due to my faulty French. Answer: No, Schmerl [149] .
*
Suppose I is a σ-ideal generated by its Π 0 2 members. Then is it true that for any analytic set A either A ∈ I or A contains a Π 0 3 set not in I? This is suggested by a theorem of Solecki [166] that says that for any σ-ideal I generated its closed members and analytic set A, either A ∈ I or A contains a G δ set not in I.
Axiom of Determinacy

2.1
Does AD imply that 2 ω 1 is the ω 1 union of meager sets?
Answer: Yes, Becker [12] .
2.2 Does AD imply that there does not exist ω 2 distinct Σ 1 2 sets?
Answer: Yes, Hjorth [72] .
2.3
Is there a hierarchy of ∆ 1 2 sets? 2. 4 Does AD imply every set is Ramsey?
Answer: Yes, if also assume V = L[R] for references see Kanamori [91] page 382. Yes for AD R , see Prikry [144] .
2.5
(V. Delfino [24] ) (Conjecture) If f : 2 ω → 2 ω is Turing invariant (x ≡ T y → f (x) ≡ T f (y)) then there exists z such that either for every x ≥ T z f (x) ≥ T x or there exist c such that for every x ≥ T z f (x) ≡ T c.
*
(the last Victoria Delfino problem [35] or see Hauser [70] ) Does ZFC + projective uniformization + every projective set has the Baire property and is Lebesgue measurable prove projective determinacy?
Woodin has shown that ZFC + projective uniformization + every projective set has the Baire property and is Lebesgue measurable implies that x † exists for every real x.
Answer: Steel has shown that the answer is no. see Schindler [160] 3. Combinatorial cardinals less than the continuum 3.1 (van Douwen [41] ) If every ω 2 descending sequence in P (ω)/finite has something beneath it is it true that every family of ω 2 sets with the IFIP has something beneath it? (does t = p). [71] ) Let M be a countable transitive model of ZFC. Does there exists a generic extension M [f n : n ∈ ω] with f n ∈ ω ω such that f n eventually dominates every element of M [f m : m > n] ∩ ω ω . For something similar with Sacks forcing see Groszek [63] and Kanovei [92] .
(Hechler
Answer: No, Hjorth [78] .
(Dow) Does the following imply
Answer: No, Dow [42] . See also, Brendle [17] .
3.4
Can the least κ such that Indep(κ) fails have cofinality ω? Indep(κ) means that every family B of κ infinite subsets of ω there exists an infinite subset Z of ω such that for every A ∈ B, |Z ∩ A| = |Z \ A| = ω (see Miller [126] ). Brendle [20] shows that it is consistent that the smallest MAD family can have size ℵ ω .
3.5 (Kunen [107] ) Let m be the smallest cardinal for which MA m fails. Can we have ω 2 = cof (m) < m?
3.6 * (Scheepers 7-91, Dordal [39] ) Is it consistent that ℵ ω embeds into (ω ω , ≤ * ) but not ℵ ω+1 ?
Answer: Yes, Farah [49] , also Cummings, Scheepers, and Shelah [33] .
3.7 * (Vojtas [181] see Vaughan [178] ) Does r σ = r? This stands for reaping number.
There is also an analogous problem for the splitting cardinal s due to Malyhin, see Kamburelis and Weglorz [90] .
MAD families
4.1 (Roitman) Is it consistent that every maximal almost disjoint family in [ω] ω has cardinality greater than ω 1 , but there exists a dominating family F in ω ω of cardinality ω 1 ? For a related result see Shelah [151] and also Brendle [18] and Hrusak [79] .
Answer: Yes, if we replace ω 1 with ω 2 , Shelah [159] .
4.2
(van Douwen) CH implies there exist F ⊆ ω ω which is maximal with respect to eventually different functions which is also maximal with respect to infinite partial functions also. Is there always such a one? What is the cardinality of the smallest?
This problem is discussed in Zhang [182] see also Zhang [183] for some related problems. (van Douwen, Fleissner) Is it consistent with not CH that for P a c.c.c partial order of size continuum there exists a sequence G α for α < ω 1 of P-filters such that for every dense set D ⊆ P all but countably many of the G α meet D.
Answer: No, Todorcevic [174] .
5.4
Is there a Truss-like characterization of eventually different reals? How about infinitely equal reals? (Truss [176] proved that if f dominates ω ω ∩ M and g ∈ ω ω is Cohen over
(Kunen [105] ) Does there exists an ω 1 saturated σ-ideal in the Borel subset of 2 ω which is invariant under homeomorphisms induced by permutations of ω and different from the meager ideal, measure zero ideal, and the intersection ideal?
Answer: Partial Kechris-Solecki [95] . Yes, Roslanowski-Shelah [145] .
5.6
(van Mill) Is it consistent that every c.c.c. boolean algebra which can be embedded into P (ω)/finite is σ-centered?
Answer: No, M.Bell [13] , Shelah [157] gives a Borel example.
*
Suppose M ⊆ M [f ] are models of ZFC and for every g ∈ ω ω ∩ M there exists infinitely many n ∈ ω such that g(n) = f (n). Must there exists a real x ∈ M [f ] which is Cohen over M ? (If there are two such infinitely equal reals (iteratively), then there must be a Cohen real, see [126] and [4] 6.3 (Erdös) For every sequence converging to zero does there exist a set of positive measure which does not contain a similar sequence? Falconer [48] has shown that if the sequence converges slowly enough there does exist such a set of positive measure. H.I. Miller [135] has shown the analogous statement for Baire category to be false. I showed that for every sequence there exist a partition of the reals into two sets neither of which contains a sequence similar to the given one. See survey Svetic [173] .
6.4 (Erdös) Suppose for every n ∈ ω the set A ∩ [n, ∞) has positive measure. Must A contain arbitrarily long arithmetic progressions?
Answer: Several mathematicians have pointed out this is trivial. Probably I misquoted Erdös. I scribbled it down after one of his talks when the universe was younger. To quote Just [87] : "The answer to 6.4 seems to be trivially 'yes', unless you want the differences to be integers; then the answer seems to be trivially 'no', unless you want the measure to be positive in EVERY interval, in which case the answer may not be so 
Borel hierarchies
7.1
Is it consistent that for every countable ordinal α there exists a Π 
7.2
Is it consistent that for every uncountable separable metric space X there exists a X-projective set not Borel in X? See Miller [125] , [130] .
7.3
Is it consistent that the set of all Baire orders is the same as the set of even ordinals ≤ ω 1 ? See Miller [133] .
7.4
Is it true that if X is a Q α -set and Y is a Q β -set and 2 ≤ α < β then |X| < |Y |? [123] 7.5 Does R
is the family of abstract rectangles in ω 2 × ω 2 and the lower subscript is the level of the Borel hierarchy.)
Does |X| = ω 1 imply that X is not a Q ω -set?
7.8 (Mauldin) Is it consistent that there exists a separable metric space X of Baire order less than ω 1 (i.e. for some α < ω 1 every Borel subset of X is Σ 0 α in X) but not every relatively analytic set is relatively Borel?
Answer: Yes, Miller [134] .
7.9
Can the Borel hierarchy on cubes in R 3 behave differently than the Borel hierarchy on rectangles in R 2 ?
7.10 (Ulam [177] 7.12 What can we say about hierarchy orders involving difference hierarchies or even abstract ω-boolean operations?
7.13 (Stone) Is it consistent to have a Borel map f : X → Y where X and Y are metric spaces and f has the property that there is no bound less than ω 1 on the Borel com-
Fleissner [50] shows that it is consistent there is no such f using a supercompact. See also Fremlin, Hansell and Junnila [54] .
7.14 (Ciesielski-Galvin [28] ) Let P 2 (κ) be the family of all cylinder sets in κ 3 (where cylinder means A × B where A ⊆ κ and B ⊆ κ 2 or anything that could be obtained like this by permuting the three coordinates.) Is it consistent that the σ-algebra generated by P 2 (c ++ ) is equal to all subsets of (c ++ ) 3 ?
7.15 (Ciesielski) Suppose every subset of ω 2 ×ω 2 is in the σ-algebra generated by the abstract rectangles. Does this continue to hold after adding ω 1 -Cohen reals?
7.16 * (Fleissner [51] ) If X is a Q-set of size ω 1 , then is X 2 a Q-set? (Not necessarily true for X of cardinality ω 2 .) 7.17 * (Z.Balogh, conversation March 1996) Is it possible to have H ⊆ P (R) such that the Baire order of H is ω 1 and the σ-algebra generated by H is P (R)?
8. Involving ω 1 8.1 (Jech-Prikry [82] ) Is it consistent that there exists a family F ⊂ ω ω 1 of cardinality less than 2 ω 1 , such that for every g ∈ ω ω 1 there exist f ∈ F such that for every α < ω 1 , g(α) < f (α). [147] showed that PFA implies the consistency of ZFC+∃ a Woodin cardinal. Shelah building on work of Baumgartner (see [150] ) showed that PFA is consistent assuming the consistency of a supercompact cardinal.
*
If the nonstationary ideal on ω 1 is ω 2 -saturated, then must CH fail? Woodin has recently shown that the answer is yes if we also assume there is a measurable cardinal.
Set theoretic topology
9.1 Is it consistent to have no P-points or Q-points? A P-point is an ultrafilter U on ω with the property that every function f : ω → ω is either constant or finite-to-one on an element of U. A Q-point is an ultrafilter U on ω with the property that every finite-to-one function f : ω → ω is one-to-one on an element of U. Shelah [150] showed it is consistent there are no P-points and Miller [124] showed that it is consistent there are no Q-points. Roitman and Taylor showed that if the continuum is ≤ ω 2 , then there must be a P-point or a Q-point. 10.13 * Can we have a complete first order theory T with models of size ℵ 2n for n < ω (but not of size ℵ 2n+1 ) and ℵ ω < c?
10.14 * (A.Enayat, letter July 1998.) Does there exist a complete theory T extending ZF which has exactly two transitive models of a given ordinal height α? The height of a model M is the least ordinal not in M .
Special subsets of the real line
11.1 (Mauldin, Grzegorek) Is it consistent that every universally measurable set has the Baire property? See Corazza [30] .
(Mauldin)
Are there always > c many universally measurable sets? (same question for restricted Baire property). There is a model in which there are only continuum many universal measure zero sets (see Miller [128] ).
(Galvin) Does every Sierpinski set have strong first category?
Answer: Bartoszynski-Judah [5] showed that it is consistently yes. Yes, Pawlikowski [141] .
11.4 (Galvin, Carlson) Is the union of two strong first category sets a set of strong first category?
Answer: Not necessarily, Bartoszynski-Shelah [6] .
11.5 Does there exists a perfectly meager X ⊆ R n which is not zero-dimensional? Szpilrajn(Marczewski) proved that there is such a set assuming CH, see Brown and Cox [21] . However is it consistent that there is none?
Answer: yes. Reclaw pointed out to me that: A metric space of size less than continuum has to be zero dimensional and it is consistent that all perfectly meager sets are of size less than continuum, see Miller [128] .
11.6 (Kunen) Is it consistent that for every uncountable X ⊆ R there exists a measure zero set M such that X + M has positive outer measure? See Erdos-Kunen-Mauldin [47] .
Answer: Yes, Carlson, this is true in the model for the dual Borel conjecture [27] , (this was pointed out to me by Brendle and Reclaw.)
11.7 (Sierpiński [162] ) A set of reals X is a J-set iff for uncountable Y ⊆ X there exist a perfect P ⊆ X such that P ∩ Y is uncountable. If we assume CH, then a set is a J-set iff it is σ-compact. Is it consistent with not CH that J-set = σ-compact?
11.8 ) Is there always an uncountable subset of the reals which is hereditary with respect to property M?
Answer: See [88] for some related results.
11.9 Consider the three non c.c.c ideals: (s) 0 -sets, Ramsey null sets, and σ-compact sets. What can one say about the properties of add, cov, non, and cof? ( add = additivity of ideal, cov = smallest cardinality of a cover of reals by subset of ideal, non = smallest cardinality of a set of reals not in ideal, cof = cofinality = smallest cardinality of a family of sets in ideal which has the property that every set in ideal is covered by some element of the family.)
11.10 Consider the notion of Laver null sets. This is defined analogously to Ramsey null sets, but use Laver forcing instead of Mathias forcing. 11.11 (Judah-Shelah [85] ) Is the Borel conjecture plus the existence of a Q-set consistent?
11.12 (Daniel, Gruenhage). Given a set of reals X and ordinal α let G α (X) be the game of length α played by two players: The answer is known if line is changed to graph of continuous function, see Bartoszynski, Roslanowski, Shelah [7] . There is also the analagous question for category.
11.14 * (Zhou email 3-93) Does every set of size ω 1 is a Q-set imply that p > ω 1 . For γ-sets it is true.
Answer: No, Brendle points out this follows from results in Dow [42] . We don't know if "every set of size ω 1 is a Q-set" implies "the real line cannot be covered by ω 1 meager sets". It is consistent to have a Q-set plus "the real line can be covered by ω 1 meager sets", see Judah-Shelah [85] .
11.15 * (M.Laczkovich, email April 1996) Assuming CH, there is a nonmeasurable subset of the reals that differs from each of its translates in a set of measure zero (Sierpinski) . Can such a set can be given in ZFC? In an earlier version of these problems I had mistakenly written "Does ZF prove C?". However, it is known that PIT does not imply AC (see Jech [81] ), hence C fails in any model of ZF + PIT + notCH. 
Bell notes that in such a model of set theory, we would have that βω \ ω would exist in all its glory, but hardly anything of the standard stuff about it could be proved. 14.2 (Jockusch) Does there exists a DNR of minimal Turing degree? (DNR means diagonally non recursive: f ∈ ω ω and for all e ∈ ω, f (e) = {e}(e).)
Recursion theory
Miscelleneous
15.1 (Sierpiński) Is there a Borel subset of the plane which meets every line in exactly two points? (Mauldin) Must such a set be zero dimensional?
Answer: Davies has shown such a set cannot be Σ 0 2 and Mauldin has shown such a set must be disconnected. Miller [129] showed that if V=L then there does exist a Π 1 1 subset of the plane which meets every line in exactly two points. Kulesza [103] showed that any two point set must be zero dimensional. Mauldin [122] Answer: Maybe No, Dzamonja-Shelah [43] . There seems to be a mistake in their proof. I do not know the current status of this problem.
15.4 (Ulam [177] ) Does there exist a set D dense in the plane such that the distance between any two points of D is rational?
15.5 (Miller [128] ) Suppose the continuum is greater than ω 2 , then does there exists a set of reals of cardinality the continuum which cannot be mapped continuously onto the unit interval?
15.6 Is it consistent that there exists
15.7 (Price [142] Answer: Kechris pointed out to me that the answer to this is no. It follows from a result of Laczkovich [109] . In Laczkovich's example R a matching is required to be both one-to-one and onto. To get a counterexample to a Borel version of Hall's theorem take R and its reverse R * in I × I. Both satisfy the hypothesis of Hall's Thm. But if there are Borel f , f * 1-1 with graphs in R, R * respectively, then we can find Borel one-one onto g with graph(g) a subset graph(f )∪ graph(f * −1 ).
15.11 (Davies [34] ) Assuming CH for every f :
Does this imply CH?
Answer: No and its also consistently false Shelah [158] .
15.12 (Mauldin) CH implies that for every n ≥ 3 there exists a 1-1 onto function f : R n → R n which maps each circle onto a curve which is the union of countably many line segments. Is CH necessary?
15.13 (Kunen) Can there be a Souslin tree T ⊆ 2 κ such that for all α < κ the T α contains all except at most one of the α branches thru T <α . Here κ is the first Mahlo or weakly Mahlo.
Answer: Yes, Shelah [156] .
15.14 (Baumgartner [8] ) Is it consistent that any two ω 2 dense sets of reals are order isomorphic?
15.15 (S. Kalikow [89] ) For any set X define for x, y ∈ X ω , x = * y iff for all but finitely many n ∈ ω, x(n) = y(n). X has the discrete topology and X ω the product topology. Is it consistent that there exists a map f : ω ω 2 → 2 ω which is continuous and for every x, y ∈ ω 2 ω , x = * y iff f (x) = * f (y). (Kalikow: yes for ω 1 in place of ω 2 .)
Answer: Yes, Shelah [153] .
15.16 * (unknown 1-92) According to Erdos, Sylvestor proved that given finitely many points F in the plane not all collinear, there exists a line L which meets F in exactly two points. F = Z × Z is an obvious infinite counterexample. Does there exists a counterexample which is a convergent sequence? countable compact set?
15.17 * Given that 2 ℵn = ℵ n+1 for each n < ω what can we say about 2 ℵω ?
Shelah has shown that if ℵ ω is a strong limit cardinal, then 2 ℵω < ℵ (2 ℵ 0 ) + and 2 ℵω < ℵ ℵ 4 . See Shelah [152] or Jech [83] or Burke-Magidor [22] . On the other hand Gitik-Magidor [60] have shown that is consistent relative to the existence of strong cardinals that 2 ℵω = ℵ ω+ζ+1 for any ζ < ω 1 . What about the gap? See Jech-Shelah [84] . Also, many variations on this questions can be given. For example, Shelah has shown that relative to a supercompact it is consistent that for the least uncountable κ with ℵ κ = κ that the GCH holds up to κ but 2 κ can be arbitrarily large. What about singular cardinals in between? What are the exact consistency strengths of these statements? MagidorGitik [60] have gotten Shelah's result from a weaker assumption. Gitik [59] building on work of Mitchell [136] has shown for example that the existence of a measurable κ with o(κ) = κ ++ is equiconsistent with the failure of the singular cardinal hypothesis. For more on this see Cummings [32] .
15.18
* (Dougherty-Kechris [40] ) Is Turing equivalence is universal for countable Borel equivalence relations, i.e., for every countable Borel equivalence relation (X, E) does there exists a 1-1 Borel map f : X → 2 ω such that for all u, v ∈ X uEv iff f (u) ≡ T f (v).
The countable Borel equivalence relations are those in which every equivalence class is countable. See Kechris [93] , [94] , and Harrington, Kechris, and Louveau [69] for some background here. 
